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Classe d’isogenia de corbes el.liptiques
Sigui Z = [,(Z) i@ = A = Q® Z.

o E/Q corba elliptica. T(E) = [, Tu(E) ~ [1,(Z)? = (2)2.
o E' - E isogénia = (2)2 ~ T(E") 954D F(£) ~ (22
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Classe d’isogenia de corbes el.liptiques
Sigui Z = [,(Z) i@ = A = Q® Z.
e E/Q corba el.liptica. T(E) = [, Te(E) ~ [1,(Z¢)? = (Z)2.
o E' - Eisogénia = (2)2 ~ T(E") 9°%4Y #(E) ~ (22
Q-classe d'isogénia [E]:

[E] ~ End’(E)\GL2(Q)/GL2(Z)

{ Q*\GL2(Q)/GL2(Z), E noCM
K*\GL2(Q)/GLy(Z), E CM.

@ Per tant [E] quocient de

End’(E)*\GL2(Q)
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Classe d’isogéenia en la corba modular
@ Xo(N) corba modular, Xp(N)(C) = H/To(N) on
Fo(N) = Ko(N) N SL2(Z).
@ Com GL2(Q)\GL2(Q)/Ko(N) = 1,
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Classe d’isogéenia en la corba modular

@ Xo(N) corba modular, Xp(N)(C) = H/To(N) on
Fo(N) = Ko(N) N SL2(Z).
@ Com GLz(Q)\GL2(Q)/Ko(N) = 1,

Xo(N)(C) = (C\ R)/Ko(N)* = GL2(Q)\((C \ R) x GL2(Q)/Ko(N)*).
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Classe d’isogéenia en la corba modular
@ Xo(N) corba modular, Xp(N)(C) = H/To(N) on
Fo(N) = Ko(N) N SL2(Z).
@ Com GL2(Q)\GL2(Q)/Ko(N) = 1,

Xo(N)(C) = P/Ko(N)* = GL2(Q)\(P x GL2(Q)/Ko(N)*).

o reP= {(r,[g])} = {7} x Stab(7)\GL2(Q)/Ko(N)*
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Classe d’isogéenia en la corba modular

@ Xo(N) corba modular, Xp(N)(C) = H/To(N) on
Fo(N) = Ko(N) N SL2(Z).
® Com GL2(Q)\GL2(Q)/Ko(N) =1,

Xo(N)(C) = P/Ko(N)* = GL2(Q)\(P x GL2(Q)/Ko(N)*).

o reP= {(r,[g])} = {7} x Stab(7)\GL2(Q)/Ko(N)*

[ [} % @9\GLo(Q)/ Ko(N)*,
trlahy = { {7} % K*\GLa(Q)/Ko(N)*.

@ Interpretacié moduli: (7, [g]) € Xo(N)(C) parametritza (E, Cy),
E/C corba elliptica i Cy subgrup ciclic d’ordre N.

[E(N)] = {(E,CN) : E~ E'} «— {(r,[9])}
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Acci6 de Galois en Q — corbes
Definition

Corba el.liptica E/L isdgena a les Galois conjugades és Q-corba
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Acci6 de Galois en Q — corbes

Definition
Corba el.liptica E/L isdgena a les Galois conjugades és Q-corba J

[E] © Gal(Q/Q) [E(N)] © Gal(Q/Q)
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Acci6 de Galois en Q — corbes

Definition
Corba el.liptica E/L isdgena a les Galois conjugades és Q-corba

[E] © Gal(Q/Q) [E(N)] © Gal(Q/Q)

Analogia corbes el.liptiques:

pe : Gal(Q/Q) — GL2(Q)/End’(E)*
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Acci6 de Galois en Q — corbes

Definition
Corba el.liptica E/L isdgena a les Galois conjugades és Q-corba

[E] © Gal(Q/Q) [E(N)] © Gal(Q/Q)

Analogia corbes el.liptiques:

pe : Gal(Q/Q) — GL2(Q)/End’(E)*

@ pe : Gal(L/L) — ], GLa(Z) projectivitza a pg.
@ pg depen de E modulo Q-isomorfisme.

@ E ~q E’implica pg conjugada pgs

@ pg és modular.
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Acci6 de Galois [E(N)] € Xo(N)

Xo(N)/Q model canonic.

Theorem
Acci6 Gal(Q/Q) on [E(N)]:

Xo(N) R Xo(N)
U U
End®(E)\GL2(Q)/Ko(N)* —  End%(E)\GLy(Q)/Ko(N)*
[g] — [pe(o) gl
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Superficies abelianes amb QM i corbes de Shimura
D,N e Z*, (D,N) =1, DN.

@ B=Q+Qi+Qj+Qi, i°j%eQ* ij=—ji, algebrade
quaternions indefinida discriminant D.

@ O ordre d’Eichler nivell N en B,
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Superficies abelianes amb QM i corbes de Shimura
D,N e zZ", (D,N)=1,0+DN.
© B=Q+Qi+Qj+Qj, ##*eQ",ij=—ji,algebrade
quaternions indefinida discriminant D.
@ O ordre d’Eichler nivell N en B,

A/C superficie abeliana
® (A1) QM per O, { L - O < End(A)

@ Espai de moduli: Corba de Shimura

Xo(D, N)(C) = (B*\(P x B*/0)),
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Superficies abelianes amb QM i corbes de Shimura
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Superficies abelianes amb QM i corbes de Shimura

D,N € Z*, (D,N) = 1,0+ DN.

@ B=Q+Qi+Qj+Qi, i°j%eQ* ij=—ji, algebrade
quaternions indefinida discriminant D.
@ O ordre d’Eichler nivell N en B,

A/C superficie abeliana
® (A1) QM per O, { t: O — End(A)
@ Espai de moduli: Corba de Shimura

Xo(D, N)(C) = (B*\(P x B*/0)),

e reP= {(r,[b])} = {r} x Stab(r)\B* /O

o | T x @\B/Ox,
{( ’[b])} { {T}XKX\B/OX. ’
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Acci6 de Galois en Q-superficies abelianes
Definition

Q-superficie abeliana amb QM (A, .)/L tal que (A,:) ~ (A7,.7)
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Acci6 de Galois en Q-superficies abelianes
Definition
Q-superficie abeliana amb QM (A, .)/L tal que (A, ) ~ (A7,.7) J

[A, ] © Gal(Q/Q)
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Acci6 de Galois en Q-superficies abelianes
Definition
Q-superficie abeliana amb QM (A, .)/L tal que (A, ) ~ (A7,.7) J

[A, ] © Gal(Q/Q)
Analogament:

pa,) : Gal(@/Q) — B /End®(A, 1)*
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Acci6 de Galois en Q-superficies abelianes
Definition
Q-superficie abeliana amb QM (A, .)/L tal que (A, ) ~ (A7,.7) J

[A, ] © Gal(Q/Q)
Analogament:

pa,) : Gal(@/Q) — B /End®(A, 1)*

® pa, : Gal(L/L) — ], B/ & 1 projectivitza a p(a,,).-

C. de Vera, V. Rotger, Galois representations over fields of moduli and rational points on Shimura curves, submitted.
® p(a,) depen de (A, ) modulo Q-isomorfisme?.
4 (A, L) ~0 (A/, L,) implica P(AL) conjugada P(A" 1)
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Acci6 de Galois en punts de Xo(D, N)
Xo(D, N)/Q model canonic.

Theorem
1 Laclasse [A, ] s’identifica amb

{(r,[6])} = {r} x End®(A,)*\B* /0%,

X. Guitart, S. Molina, Parametrization of abelian K-surfaces with quaternionic multiplication. C. R. Acad. Sci. Paris, Ser. |

347 (2009).

2 Accié Gal(Q/Q) on [(A,v)]:

Xo(D, N) o€GaIQ/Q) Xo(D, N)
U U
End®(A,0)*\BX/O0*  —  End%(A,.)*\B*/O*
(6] — [p(a (o)~ b

v
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Reduccié supersingular

D
@ p primer, BP/Q algebra quaternions disc(BP) = { %p Eﬂ D;
o

@ Xy(D, N)/Z model enter de Morita, Xo(D, N),/Fp especialitzacio.
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Reduccié supersingular

D
@ p primer, BP/Q algebra quaternions disc(BP) = { %p Eﬂ D;
o

@ Xy(D, N)/Z model enter de Morita, Xo(D, N),/Fp especialitzacio.
@ Sip| DN, punts singulars i, si p 1 DN, punts supersingulars de

Xo(D, N)p:
oo (BP)*\(BP)* /O
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Reduccié supersingular

D
@ p primer, BP/Q algebra quaternions disc(BP) = { %p Eﬂ D;
o

@ Xy(D, N)/Z model enter de Morita, Xo(D, N),/Fp especialitzacio.
@ Sip| DN, punts singulars i, si p 1 DN, punts supersingulars de

Xo(D, N)p:
o (BP)*\(BP)* /O

= Reducci6 Q-superficie abeliana:
Py 1 Gal(Q/Q) — O™\ (BP)* /(BP)*

(Té sentit parlar de modularitat?)
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Cas multiplicacié complexa

Assume End’(A, 1) = K quadratic imaginari.

P(A,L)

Gal(Q/Q) ——

/

Gal(@/K) —— Gal(Ka /K"y R /K

LAY B K

(Reciprocitat de Shimura)
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Cas multiplicacié complexa

Assume End’(A, 1) = K quadratic imaginari.

P(A,L)

/Gal(Q/ Q——
Gal(@/K) —— Gal(Ka /K"y R /K
(Reciprocitat de Shimura)

Theorem (M.)
Reduccié singular o supersingular:

LAY B K

B*\B* /O* 5 KX\K*/R* +— K*\K* /R* C (BP)*\(BP)* /O'*
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Cas multiplicacié complexa

Assume End°(A, 1) = K quadratic imaginari.

P(A,L) A

Gal(Q/Q) —— 0™\(BP)* /(B)"

Gal(Q/K) —— Gal(K@®/K) —A1, B\ K* /K*
(Reciprocitat de Shimura)

Theorem (M.)
Reduccid singular o supersingular:

B*\B*/O* 5 KX\K*/R* +— K*\K*/R* C (BP)*\(BP)* /O'*
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